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Introduction
Natural convective heat transfer in porous-media is extensively studied owing to its occurrence in various industrial and technological applications like packed-bed reactors [1] [2] [3] , solar air heaters [4] , greenhouses [5] , energy storage [6] , solid waste treatment [7] etc. In most of these applications, the temperature distribution at the walls is non-uniform. For example, in green houses and solar collectors, the angle at which the sun rays fall at the surface can result in non-uniform wall temperature. This can influence the convective flow and thus the effective heat transfer.
Several studies have been carried out to investigate the influence of non-uniform wall temperature on natural convection in fluid-only and porous-media filled cavities. Numerical simulations of bottom heated -top cooled fluid-only [8] and porous mediafilled [9] cavities with non-uniform wall temperatures report an increase in heat transfer with increase in the magnitude of the nonuniformity of the wall temperature. Similarly, an enhancement in heat transfer occurs in a side-heated fluid-only filled-cavity with non-uniform wall temperature [10] along with a significant change in the flow pattern. Similar studies with porous media filled sideheated cavities also report changes in flow patterns and consequent change in Nusselt number with the change in amplitude [11, 12] and wavelength of sinusoidal wall temperature variations [13, 14] . The phase difference between the sinusoidal temperature variations at the hot and cold walls is observed to significantly affect the temperature distribution [15] , especially at large wavelengths in the wall temperature variation. However, in contradiction to the above literature, a non-uniform heating of the bottom wall and cooling of the side walls in fluid-only [16] and porousmedia filled-cavities [17] result in the lowering of overall heat transfer rate when compared to cavities with constant wall temperature.
To understand and quantify the loss and degradation of energy under various heating arrangements, various researchers have turned to use entropy generation [18] as a guiding pathway. Studies on entropy generation to optimize the heat transfer process in porous-media filled-cavities with different thermal boundary conditions [16, 19] , suggest that heating at discrete locations is an effective strategy for optimal thermal processing of materials. Studies on temperature distribution and heat transfer optimization in [20] [21] [22] indicate the strong influence of non-uniform temperature in entropy generation and pore-scale temperature distribution. All the studies above on porous-media filled cavities are based on the Darcy assumption where one assumes that the porous length scales are small compared to flow and thermal scales, such that the detailed morphology of the porous medium does not influence the large scale flow and temperature distribution. However, in many real-life applications such as the ones reported above, the porous length scales are not small compared to their flow and thermal counterparts. Also, the variation in temperature distribution and the associated change in heat transfer demands for an in depth analysis of the influence of non-uniform temperature at the boundaries in systems where the flow and thermal scales are comparable to the pore-scale.
In our earlier work [23] [24] [25] we reported on the local flow and heat transfer in bottom-heated, top-cooled cavities with isothermal walls and filled with coarse grained porous media. In these studies we quantified the influence of material, packing, and size of coarse-grained porous-media on local flow and heat transfer at different Rayleigh number.
In the present work, we report detailed CFD simulations of a differentially heated coarse-grained porous-media filled-cavity with sinusoidal spatial variations in the wall temperature at different phase angles, to understand its influence on the local flow and temperature distribution and on entropy generation. We compare the flow and temperature distributions to those in a cavity with uniform wall temperatures. We also compare the results with water-only filled differentially heated cavities under similar conditions, to understand the influence of coarse-grained porous-media in enhancing/suppressing heat transfer.
Mathematical formulations and numerical methods

Physical problem
We analyze natural convection in a porous-media filled L × L × L cubical cavity, with side-heated and side-cooled vertical walls. Water is used as the fluid ( P r f = 5 . 4 ). The coarse-grained porous-media is composed of relatively large spherical hydrogel beads arranged in structured Simple Cubic Packing (SCP), resulting in a porosity, φ = 0 . 48 . A Simple Cubic Packing has pores that are geometrically similar to connected vertical and horizontal channels, facilitating flow channelling even at lower Rayleigh numbers and thus increasing the impact of the morphology of the coarsegrained packing on the thermal and flow behaviour. We choose the ratio of the diameter of the beads, d to the length of the cavity, L to be 0.2. The use of hydrogel beads results in a solid-tofluid thermal conductivity ratio k s /k f = 1 . The flow in differentially heated cavities at the Rayleigh numbers discussed later, is steady and laminar in nature. We numerically solve the steady-state incompressible Navier-Stokes equations and the energy equation for the fluid, and the energy equation for the solid. The heat transfer between the solid and the fluid domain results in a conjugate heat transfer problem. With the Boussinesq approximation ( β T < < 1) [26] , all fluid properties are taken to be constant, except for the fluid density in the body-force term included in the Navier-Stokes equations.
Fluid phase :
Solid phase :
For used symbols, refer to the List of Nomenclature.
Numerical method
For our porous media filled cavity simulations the above set of equations, Eqs. (1) -(4) is discretized and steady-state numerical simulations [27] are carried using the conjugate heat transfer solver, "conjugateHeatSimpleFoam" available in foam-extend-4.0 [27] , a fork of the OpenFOAM open source library for Computational Fluid Dynamics. We use unstructured tetrahedral grids to simulate the packed bed cavities. The capability of Open-FOAM to simulate flow using arbitrary tetrahedral meshes is discussed in [28] [29] [30] . Details of our solver validation are discussed in Appendix A . The fluid temperature Eq. (3) and the solid temperature Eq. (4) of the conjugate heat transfer problem are combined into a combined matrix equation, by the method of block coupling [31, 32] . Thus the fluid flow equation is solved in the fluid region only, and the energy equation, discretised separately on the fluid and solid regions, is solved in a single linear solver call. This ensures a strong coupling between the solid and fluid regions. For water-only filled cavities we solve Eqs. (1) -(3) using the Open-FOAM solver "BuoyantBoussinesqSimpleFoam", which is validated against the results reported in [33] . Here we use structured grids.
For both water-only and porous-media filled-cavities, a 2 nd order central differencing scheme, defined as "limitedLinear1" in OpenFOAM, is used for the convective and diffusive terms [27] . The pressure-velocity-coupling at each iteration is handled by the iterative SIMPLE algorithm [34] . The energy transport equation Eq. (3) , is solved with the divergence-free velocity obtained in each iteration.
Geometry and boundary conditions
The simulations are carried out at Ra f varying from 10 5 to 10 7 . To analyze the data, the temperature and velocity are expressed in non-dimensionalized form (refer Nomenclature). The right wall of the cavities is maintained at a constant non-dimensional temperature, θ r = 1 . The left wall of the cavity is maintained at:
1. a constant temperature (CWT), θ l = 0 , or 2. a sinusoidally varying wall temperature (SWT):
with a mean temperature, θ l = 0 . The phase angle ph varies from −180 • to 180 • (see Fig. 1 ). The influence of the amplitude of the sinusoidal temperature variation is studied by using two non-dimensional amplitudes, θ amp l = 0 . 5 and 1. The phase angle, ph of the sinusoidal wall temperature variation is also varied. The system with CWT can also be visualized as a system with SWT, where θ amp l = 0 . All the other vertical and horizontal walls of the cavity are adiabatic. No-slip boundary condition is applied at all solid surfaces. Grid independence studies are carried out using three different unstructured tetrahedral grids with 1.9 × 10 6 (uniform grid size, ≈ d /16), 5 × 10 6 (non-uniform grid size, ≈ d /16 in the core and ≈ d /32 at the walls of the cavity) and 1.03 × 10 7 cells (non-uniform grid size, ≈ d /16 in the core and ≈ d /64 at the walls of the cavity), at Ra f = 10 7 . Comparing the two finest meshes, a deviation in < Nu f > of ~1% is observed for the case with maximum < Nu f > and a difference of ~0.8% in the case with minimum < Nu f > . Therefore, the simulations at Ra f = 10 6 and Ra f = 10 7 are carried out with 5 × 10 6 and 1.9 × 10 7 cells respectively. We also confirm the quality of the mesh by comparing the degree of uniformity of temperature distribution RMTD m (as defined later in Eq. (8) to 1.9 × 10 7 cells. For the water-only filled cavity simulations, a grid independence study is carried out using 3 different structured grids; 32 3 , 64 3 and 128 3 with a grid expansion ratio of 1.2. The deviation in maximum Nusselt number and RMTD m obtained with 64 3 and 128 3 are ~0.15% and ~0.5% respectively. Thus, the wateronly filled-cavity simulations are carried out with the finest grid, 128 3 .
Results and discussion
The heat transfer, flow and temperature distributions in the porous-media filled-cavities are compared to the results from water-only filled-cavities with CW T and SW T arrangements at various phase angles ph , three different Ra f = (10 5 , 10 6 , 10 7 ) and temperature variation amplitudes θ amp l = {0.5, 1}.
Wall averaged heat transfer
To understand the influence of a sinusoidal wall temperature variation and its phase angle at different Ra f , we focus on the wall averaged Nusselt numbers, < Nu f > ( Fig. 2 ) . The wall-averaged Nusselt number is defined as the area-weighted value of the local Nusselt Number on the left and right walls.
The Nusselt numbers in water-only and porous-media filled cavities with SWT at θ amp l = 1 and different phase angles, are compared with the cavities at CWT. For both CWT and SWT, the Nusselt number in water-only filled-cavity ( Fig. 2 (a) ) and porousmedia filled-cavity ( Fig. 2 (b) ) increases with an increase in Ra f . The wall-averaged Nusselt numbers obtained for water-only filled cavities with CWT follow the correlations [33] : ( Fig. 3 ) . A decrease in heat transfer due to the application of non-uniform wall temperatures is not observed for porous medium filled cavities.
Local Nusselt number distribution
At first, we analyze the local Nu f distribution at the right wall of both fluid-only and porous-media filled cavities ( Fig. 4 ) with CWT. The maximum heat transfer in a water-only cavity ( Fig. 4 (a) ) is uniformly distributed along the horizontal direction at the bottom of the right wall. In a porous-media filled cavity ( Fig. 4 (b) ) the maximum heat transfer is limited to the pore-space close to the bottom of the right wall resulting in a non-uniform heat transfer along the horizontal direction.
The heat transfer at the right wall in the porous-filled cavity is very low over a large fraction of the wall area, with heat transfer at the top being close to that due to pure conduction. The hydrogel beads obstructing the flow result in lower flow velocities in the porous-filled cavity ( Fig. 6 (b) ) when compared to the fluidonly cavity ( Fig. 6 (a) ). The obstructed flow at the top of the porousfilled cavity results in a conduction dominated temperature distribution near the top of the right wall, unlike the water-only filled cavity in which the temperature distribution is governed by convection.
To understand the influence of varying temperature distribution, a sinusoidal wall temperature with θ amp l = 1 and different phase angle, ph is applied at the left wall. We analyze its influence on the Nu f distribution at the right wall (which has a constant wall temperature θ r = 1 ) of water-only filled cavities and porousmedia filled cavities in Fig. 5 .
In both the cavities, the Nusselt number distribution at the right wall is influenced by the phase angle of the sinusoidal left wall temperature. In water-only cavities ( Fig. 5 (D1-D4) ), the maximum increase in heat transfer is observed at ph = 0 • (D2) while a maximum heat transfer in porous-media filled cavities is observed at ph = −45 • ( Fig. 5 (P1) ). Similar to the porous-media filled cavities with CWT ( Fig. 4 ) , the Nusselt number distribution at the top of the right wall in porous-media filled cavities with SWT ( Fig. 7 (P1-P4) ) is low owing to the hydrogel beads obstructing the flow, which again results in a conduction dominated temperature distribution near the top of the right wall.
Local thermal and flow features
The difference in local heat transfer between CWT and SWT, and its dependence on the phase angle in the latter, hints at variations in local temperature and flow features, which are fur- ther discussed in this section. The flow velocities u are nondimensionalized with a characteristic velocity scale, U 0 (refer nomenclature) [35] , such that:
Similarly, the temperature is non-dimensionalized with the right wall and average left wall temperature (refer nomenclature). In Fig. 6 we analyze the flow and temperature distribution at Ra f = 10 7 , in a characteristic vertical plane at X/L = 0 . 41 , in a water-only and porous medium filled-cavity at CWT. In the water-only cavity, large flow velocities are found in the thin boundary layers adjacent to the vertical walls. In the porous media filled cavity, the flow velocity is low resulting in comparatively thicker thermal boundary layers. When a sinusoidal temperature distribution at different phase angles is applied at the left wall, the flow and temperature distributions change considerably ( Fig. 7 ) varying from stable temperature stratification with virtually no flow at the top of the cavity for ph = −45 • ( Fig. 7 (D1 and P1) ) to flow penetrating into the core of the cavities at ph = 90 • and 180 • ( Fig. 7 (D3 and D4, P3 and P4)). In the water-only cavity ( Fig. 7 (D3 and D4) ), a large difference in the flow along the left and right wall is observed. However, no significant enhancement in heat transfer is obtained owing to the fluid impinging the right wall at a higher temperature (when compared to Fig. 6 (a) ). In a porous media filled cavity ( Fig. 7 (P1) ), the colder fluid moving down the left wall is deviated to the right wall by the porous media, resulting in fluid at lower temperature to impinge the right wall and thus leading to an enhanced heat transfer when compared to the cavity at CWT, as observed in Fig. 2 (b) . However, the heat transfer is lower than in a fluid-only cavity with similar wall temperature distribution ( Fig. 2 (b) ) owing to a lower flow velocity. The current observation indicates that the combined effect of variations in local porosity close to the wall and the local wall temperature can result in strong local and overall variations in heat transfer.
As discussed earlier, the integral heat transfer varies with the wall temperature distribution in both the water-only ( Fig. 2 (a) ) and porous media ( Fig. 2 (b) ) filled cavities. To understand this behaviour, we look at the local pore-scale temperature and horizontal flow velocity in both water-only and porous-media filled cavities close to the right wall, at Ra f = 10 7 . We already see from the Nusselt number contours that the maximum heat transfer from the right wall occurs at the bottom, and varies with the local temperature distribution at the left wall. The local pore-scale temperature along the vertical line Y/L = 0 . 8 in the plane X/L = 0 . 41 in both water-only ( Fig. 8 (a) ) and porous media filled ( Fig. 8 (b) ) cavties, SWT than in the cavity with CWT ( Fig. 8 (a) ). The non-dimensional horizontal velocity u * y , with which the fluid impinges on the right wall, is higher in the cavity with SWT at φ ph = −45 • ( Fig. 9 (a) ), resulting in higher heat transfer (among the cases considered in the line plot) followed by the cavities with SWT at φ ph = 90 • and CWT. While in the porous media filled cavities, the combination of lower fluid temperature ( Fig. 8 (b) ) and higher non-dimensional horizontal velocity u * y ( Fig. 9 (b) ) (with which the fluid impinges on the right wall) is observed in the cavity with SWT at φ ph = −45 • followed by the cavities with SWT at φ ph = 90 • and CWT. Thus the combined effect of local temperature and velocity of the fluid results in the variation in heat transfer in both water-only and porous media filled cavities. Since the influence of the packing varies with the location of the plane, the effect of the variation in the local wall temperature of the left wall can be better understood from the domain averaged features.
Domain averaged thermal and flow features
To understand the reason for the variation in heat transfer with amplitude and phase angle of SWT in the water-only and porousmedia-filled cavity, we focus on volume-averaged temperature as discussed in the literature [36, 37] . The volume-averaged temperature of the fluid region θ m defined as:
varies in water-only and porous media filled cavities with Ra f ( Fig. 10 ) . In water-only filled-cavities and porous media-filled cavities at constant wall temperature θ m = 0 . 5 ( Fig. 10 (D1 and P1) ) for all Ra f . However, with a sinusoidal wall temperature, a variation in θ m occurs with the change in phase angle and Rayleigh number, with a strong variation in porous-media filled cavities ( Fig. 10 (P1) ).
The degree of uniformity of temperature distribution in the cavities is quantified by calculating < RMTD > m defined as:
The value of RMTD m ranges between 0 and 1, with a low of RMTD m indicating higher degree of uniformity in the fluid temperature. In a water-only filled-cavity with constant wall temperature ( θ amp l = 0 ), the RMTD m ( Fig. 10 (D2) ) decreases with an increase in Ra f . When a sinusoidal wall temperature is applied at the left wall, a variation in the RMTD m with phase angle ph , is observed. We observe the highest degree of temperature non-uniformity at ph = 0 • , and the smallest at ph = 180 • . The minimum is less than the value in the cavity with constant wall temperature, indicating an increase in temperature uniformity with SWT at ph = 180 • over the uniformity with constant wall temperature.
Unlike in a water-only cavity, in a porous-media filled-cavity with constant wall temperature, we observe a decrease in thermal uniformity with an increase in Ra f . The increased flow close to the wall of the cavity results in a higher temperature difference between the regions close to the wall and core of the porousmedia filled-cavity, eventually resulting in the increase in thermal non-uniformity with an increase in Ra f . Strong variation in thermal uniformity with phase angle and Rayleigh number is visible in porous media filled cavities ( Fig. 10 (P2) ). The RMTD m in porousmedia filled cavities at different phase angles and Rayleigh numbers are always higher than in a cavity with constant wall temperature.
The RMTD m gives an indication of uniformity in the cavities, but still doesn't completely explain the trend we observe in the Nusselt number ( Fig. 2 ) . We can better understand the trend from the cumulative distribution of the fluid-volume of the cavity with the non-dimensional temperature ranging between θ r = 1 and θ l = 0 ( Fig. 11 ) at a SWT amplitude of 1 and Ra f = 10 7 . In water-only cavities ( Fig. 11 (a) ) the fraction of fluid volume at temperatures close to 1 (right wall temperature) is higher at φ ph = 0 • and −45 • and so is the fluid at temperatures below 0 (mean left wall temperature). While in the cavity with SWT at φ ph = 180 • and in the cavity with CWT, the fraction of fluid-volume with temperature close to 1 is comparatively lower and no fraction of fluid volume has a temperature below 0. We obtain higher heat transfer in cavities with higher fraction of volume at temperature close to 1 and below 0 ( φ ph = 0 • and −45 • ), and heat transfer comparable to cavity at constant wall temperature in the cavity with SWT at φ ph = 180 • . Similar behaviour is observed in porous media filled cavities ( Fig. 11 (b) ). However, the heat transfer in the cavity at φ ph = 180 • is greater than in the cavity with CWT ( Fig. 2 (b) ), due to the increased fraction of fluid at temperature lower than 0.
The increased values in RMTD m indicate the presence of strong temperature gradients which can result in the production of thermal entropy and thus increased thermodynamic irreversibility. In the current study the irreversibility coefficient , the ratio between the viscous and thermal irreversibilities [18] defined as:
is < < 1. Thus, unlike cases where the contribution by the viscous dissipation is significant (as for example [38, 39] ) the contribution of viscous dissipation to the total entropy generation is very low and is thus neglected in our analysis.
The local thermal entropy generated in the fluid, ˙ S T is calculated as: It is scaled as:
for our visualizations reported in Figs. 12 and 13 . To compare the total entropy generated in the fluid region for different thermal configurations, we also define the total thermal entropy generated in the cavities as:
where, the integration is carried out over the fluid volume only. It is scaled as: for the comparison of the different configurations reported in Fig. 14 . In Fig. 12 (a and b) , we observe that the non-dimensional thermal entropy generated in both fluid-only and porous medium filled cavities is higher close to the bottom and top of the vertical walls, where the temperature gradient is higher. The presence of spherical beads results in a comparatively higher temperature gradient at the core of the cavity ( Fig. 12 (b) ) than in a water-only cavity ( Fig. 12 (a) ), resulting in higher entropy generation. However, the flow of fluid "close to saturated temperature" ( Fig. 6 (b) ), redirected by the porous beads, results in lower temperature gradients at the pore-space close to the horizontal walls resulting in lower entropy generation ( Fig. 12 (b) ).
As expected, the influence of SWT on the local temperature distribution results in a change in entropy generated in both the cavities. The entropy generation in cavities with sinusoidal wall tem-perature variation ( Fig. 13 (D1-D4, P1-P4)) is higher than in cavities with constant wall temperature ( Fig. 12 (a and b) ). In a wateronly filled-cavity with SWT at ph = −45 • , a decrease in the temperature gradient ( Fig. 7 (D1) ) close to the bottom and top of the cavity results in a lower entropy generation at these locations than in the cavity with constant wall temperature. However, the temperature gradient close to the vertical walls and in the core of the cavity increases, resulting in higher entropy generation at these locations than in the case with constant wall temperature. A shift in the regions with a lower entropy generation is evident from Fig. 13 (D1-D4) . Close to the left wall of the water-only filled-cavity, we observe streaks of higher entropy generation which increase in size with increasing phase angle. With the change in phase angle, ph the locations at which maximum entropy is generated also changes. The presence of porous-media also results in an increase in entropy generation at all the phase angles ( Fig. 13 (P1-P4) ), when compared to the water-only cavities. The long streaks of entropy generation observed in the water-only cavities close to the left wall vanishes in the porous-media filled cavities. The spherical beads suppress and redirect the flow ( Fig. 7 (P1-P4) ), resulting in shorter/no streaks with high values of entropy generation. Instead of longer streaks of high entropy generation in the water-only cavity, the presence of spherical beads results in an increased entropy generation in the core of the cavity.
In Fig. 14 we compare the average volumetric entropy generation (averaged over fluid volume) at Ra f = 10 7 , with constant wall temperature and sinusoidal wall temperature at different phase angles. The average volumetric entropy generation, < ˙ S θ > V f in all the thermal configurations is scaled with the average volumetric entropy generated in a water-only filled-cavity with constant wall temperature, < ˙ S θ D (0) > V f . From Fig. 14 , we observe that the total volumetric entropy generation in a water-only filled-cavity with sinusoidal wall temperature is roughly a factor 2 higher than in the water-only filled-cavity with constant wall temperature. The influence of the phase angle results in the maximum entropy gener- ation at ph ≈ ± 135 • and a minimum entropy generation at ph ≈ 0 • . In a porous-media filled-cavity we see a similar effect of non-uniform wall temperatures on entropy production, but with an even larger increase.
Summary and conclusion
We studied the influence that applying a spatially varying wall temperature to one of the thermally active vertical walls has on the flow and heat transfer in a differentially heated, waterfilled, cubical cavity packed with relatively large spherical hydrogel beads. We showed that the phase angle and amplitude of sinusoidal wall temperature variations strongly influence the fluid flow and temperature distributions, and consequently the local and overall heat transfer. At identical average temperature difference, applying a spatial variation in wall temperature at well-chosen phase angle can lead to significant heat transfer enhancement when compared to applying uniform wall temperatures at the cost of increased entropy generation.
Both the presence of the sphere packing and the nature of the spatial temperature variations along the vertical walls were found to have a large impact on the velocity and temperature of the fluid impinging on the hot and cold walls. This indicates that a variation in the arrangement of the sphere packing and in the diameter of the spheres can result in different local and overall heat transfer. Also, the spatial distances at which we obtain maximum and minimum local heat transfer will vary with the amplitude, wave length and phase angle arrangement of the wall temperature variations, especially w.r.t the location of large porosity regions close to the wall.
A study on the influence of the spatial frequency of the sinusoidal wall temperature variations on the local flow and temperature distribution, and hence on the heat transfer, is recommended for future investigation. We expect that cavities with sinusoidal wall temperature variations will behave like the cavities with con-stant wall temperature in the limit of high spatial temperature variation frequencies, where the formation of local jet formation due to the interaction of the downward and upward flow close to the wall is expected to disappear.
To validate the steady-state solver "conjugateHeatSimpleFoam" in foam-extend-4.0, we simulate natural convection with conjugate heat transfer in a 2-D cavity illustrated in Fig. A1 , discussed previously by [40, 41] .
Natural convection in a square L × L cavity with a 0.2 × L thick conductive left wall is simulated to carry out the validation study. The conductive left wall is heated and the right side wall of the fluid-filled-cavity is cooled. The top and bottom walls are adiabatic. We used a 200 × 240 equidistant grid, with the solver and numerical settings as described in Section 2.2 . We compare our results for the cases with the thermal conductivity ratio of the solid wall to the fluid, k s /k f = 1 , 10 , at a Grashof number, Gr = 10 7 and Prandtl number, P r = 0 . 7 , with the results reported in [40, 41] . Our values of the non-dimensional temperature ( θ ) at the left solidfluid interface reported in Fig. A2 are compared to the results reported in [40, 41] . We obtain a fair agreement (differences in temperatures less than 5% and differences in heat flux less than 10%) with the results by Hriberšek and Kuhn [41] , that were obtained with a boundary element method. We see a very good agreement (differences in temperatures less than 1% and differences in heat flux less than 3%) with the results by Kaminski [40] that were obtained with a steady-state control volume based finite difference method.
